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Abstract

Modern empirical analysis often relies on high-dimensional panel datasets with
non-negligible cross-sectional and time-series correlations. Factor models are natural
for capturing such dependencies. A tensor factor model describes the d-dimensional
panel as a sum of a reduced rank component and an idiosyncratic noise, generalizing
traditional factor models for two-dimensional panels. We consider a tensor factor
model corresponding to the notion of a reduced multilinear rank of a tensor. We
show that for a strong factor model, a simple tensor principal component analysis
algorithm is optimal for estimating factors and loadings. When the factors are weak,
the convergence rate of simple TPCA can be improved with alternating least-squares
iterations. We also provide inferential results for factors and loadings and propose the
first test to select the number of factors. The new tools are applied to the problem of

imputing missing values in a multidimensional panel of firm characteristics.
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1 Introduction

Modern empirical analysis often relies on high-dimensional panel datasets with non-negligible
dependencies across one or several dimensions. Various economic reasons exist for such
dependencies, including common shocks in macroeconomics and finance, interactions in a
network, or spatial distribution of economic activity. Since their original introduction in the
psychology literature by Spearman (1904), factor models have become a ubiquitous tool in

economics for modeling dependencies in two-dimensional panel datasets.

Among the many applications of factor analysis in macroeconomics and finance, we may
cite asset pricing, see Ross (1976) and Chamberlain and Rothschild (1982); business cycle
analysis Sargent, Sims, et al. (1977); industrial production analysis, see Foerster, Sarte, and
Watson (2011) and Andreou, Gagliardini, Ghysels, and Rubin (2019); forecasting with big
data; see Stock and Watson (2002). Factor models are also widely used for causal inference
in panel data; see Pesaran (2006), Bai (2009), Abadie, Diamond, and Hainmueller (2010),
Gobillon and Magnac (2016), Athey, Bayati, Doudchenko, Imbens, and Khosravi (2021), or
more generally to model unobserved heterogeneity in microeconometrics; see Cunha, Heck-
man, and Schennach (2010) and Bonhomme and Robin (2010). Lastly, structural economic
models often naturally lead to a factor structure as seen in Liu and Tsyvinski (2024) for the

input-output production networks or Lewbel (1991) for the demand systems.

Traditional factor models are designed for two-dimensional panel datasets consisting of
cross-sectional units tracked over time, where both dimensions can potentially be large; see
Stock and Watson (2002) and Bai (2003).! However, many economic data feature more than
two dimensions. For example, the input-output production or trade network usually evolves
over time, which is not captured by the traditional factor model.? A panel of macroeconomic
indicators often involves regional aggregation of state- or county-level observations, intro-
ducing a geographical dimension in addition to the traditional cross-section and time series.
Asset pricing models for the cross-section of equities typically involve characteristic-based
portfolio sorts, introducing a third dimension. The sorting into deciles is common, but only
the lowest and highest deciles are used and combined in a high minus low return spread.
Going beyond national borders introduces an international dimension to macro and financial
datasets, resulting in a four-dimensional data structure. Each of these examples illustrates
that to obtain matrix representations of the data, we often aggregate the multidimensional

panel datasets, suppressing more granular information.

'We will use the term ‘traditional’ for 2-dimensional factor models applicable to 2-dimensional panel
datasets.
2See, e.g. Graham (2020) for a recent review of static networks.



Principal component analysis (PCA) is a commonly used method for identifying and es-
timating traditional factor models for two-dimensional panel data sets; see Pearson (1901).
PCA extracts latent factors and their loadings using either the singular value decomposition
(SVD) of the original panel dataset collected in a matrix or, equivalently, the eigendecom-
position of the associated sample covariance matrices; see Jolliffe (2002) for a review of PCA

and factor analysis.

A d-way tensor is a d-dimensional array generalizing vectors and matrices introduced in
Ricci and Levi-Civita (1900).% In this paper, we consider an extension of traditional factor
models to multidimensional datasets, called tensor factor models. Similarly to their 2-way
counterpart, the d-way tensor factor model can be used to identify the latent factors driving
correlations in tensor datasets. In traditional factor models, correlations are captured with a
matrix of factors in the time dimension and a matrix of factor loadings in the cross-sectional
dimension. Likewise, one can decompose a tensor into a collection of matrices with respect
to each dimension. Hence, the matrix component in the ‘time’ dimension correspond to
factors that vary over time, and the matrix component in the other dimensions correspond

to loadings determining the heterogeneous exposure of each dimension to the latent factors.

Traditional factor models can also be viewed as decomposing a matrix representing a
panel dataset as a sum of a low-rank matrix product of loading and factor matrices and
a matrix of idiosyncratic shocks. The low-rank component is then approximated using the
truncated SVD decomposition of the observed data. The d-way factor model also describes
a d-way tensor dataset as a sum of a low-rank component and an idiosyncratic shocks ten-
sor. However, there several different ways to describe the rank of a tensor. The two most
widely known definitions of tensor ranks are called the Canonical Polyadic (CP) rank and
the multilinear rank; see Carroll and Chang (1970), Harshman (1970), Tucker (1966), as
well as Chang, He, Yang, and Yao (2023) and Chen, Han, and Yu (2025) for more recent

contributions.

The multilinear rank of a d-dimensional tensor is described by the d-tuple (Ry, Ry ..., Rg)
corresponding to ranks of each of its mode-j matricizations and is more general than than
the CP rank.* It leads to the so-called Tucker model that has been previously considered
in statistics literature; see Han, Chen, Yang, and Zhang (2024), Wang, Zheng, Lian, and Li
(2022), Chen, Yang, and Zhang (2022), Han, Chen, and Zhang (2022b), and Zhang and Xia

3Tensor tools have already been used by economists, e.g., for the identification of finite mixture models;
see Bonhomme, Jochmans, and Robin (2016).

4The concepts of multilinear rank and CP rank for tensors are implicitly used in Hitchcock (1927). In fact,
Hitchcock (1927) considered even more general concept of a tensor rank based on arbitrary matricizations,
not just along one of its d modes.



(2018) among others.” Our paper introduces the factor dynamics differently in contrast to
these papers. More importantly, we show that under the strong factor model assumption,
commonly used in economics and finance, the simple PCA-type estimators for tensors have

optimal convergence rates and derive the corresponding asymptotic distributions.

The simple tensor PCA (TPCA) estimators are easy to compute and consists of reshaping
(or matricizing) a d-way tensor into d matrices along each of its d dimensions and applying
the standard PCA these matrices. For this simple TPCA estimators, we (a) demonstrate
that they can identify and consistently estimate the factors and loadings; (b) describe the
associated convergence rates and asymptotic distribution; (c) show that tensor dimensions
can improve the estimation accuracy for factors/loadings and the estimator is rate-optimal
for strong factor models; and (d) develop a formal test for the number of factors in the tensor
factor model. For the moderately weak factor model, the TPCA procedure is not optimal
and we also consider additional results for the optimal iterative alternating least-squares
(ALS) algorithm, where the TPCA estimators are used as a starting value. Our theoretical
results rely on the powerful perturbation theory results for singular subspaces and singular
values which are not commonly used in econometrics, cf. Bai and Ng (2023) and references

therein.

Monte Carlo simulations support our asymptotic results in finite samples. We find that
the d-way tensor factor model reduces dimensions more efficiently than the naively pooled

2-way factor model. We also verify the convergence rates and the distribution theory.

In the empirical application we study the issue of missing firm characteristics in widely
used data sources which are the cornerstone of research in finance. Bryzgalova, Lerner,
Lettau, and Pelger (2024) provide a comprehensive analysis of missing data in firm char-
acteristics, and propose a statistical model for imputing missing values and investigate the
impact of missingness on asset returns. Firm characteristic data is a 3-dimension tensor,
with (a) firm, (b) characteristic and (c) time as the three dimensions. The statistical meth-
ods proposed by Bryzgalova et al. (2024) do not exploit the tensor data structure, while in
this empirical application we do and we show that using our proposed tensor data models

improve on their time series of cross-sectional models.

The paper is organized as follows. Section 2 introduces a new class of tensor factor
models. The convergence rates and large sample distributions of the TPCA estimator are
covered in Section 3 which also covers the improved ALS estimator. Section 4 presents

a novel testing procedure for the number of factors. Small sample simulation evidence is

®Zhang and Xia (2018) consider the problem of recovering the left singular vectors from a matricized
3-dimensional tensor observed with a Gaussian noise without formulating a statistical factor model and
discussing identification.



reported in Section 5. An illustrative empirical example appears in Section 6. Section 7

concludes. Lastly, in the Appendix, we provide proofs for all the main and auxiliary results.

Notation: For two matrices A € RV1*F1 and B € RV2*F2 we use A ® B € RNiV2xFik:
to denote their Kronecker product. In addition, for a collection of matrices (A;)9_,,
define ®k¢j A = N ®--®@Aj11 ®Aj1 ®---®A;. For a positive integer p, we use
I, to denote the p x p identity matrix. For a matrix A, we use Py = A(ATA)TAT to

denote the the projection matrix on the column space of A, where T denotes the generalized

we

inverse. For two sequences (a,)neny and (b, )nen, we write a,, < b, if and only if there exists
C < o such that a,, < Cb, for all n € N. The operator norm of a matrix A is defined as
|Allop = supj, =1 [Az[, where |.| is the Euclidean norm. More generally, we use |., to denote
the £, norm. For two tensors A, B € RV >**Na_the Frobenius inner product is defined as
(A,B)r = Z“Zd A iaBiy g Let |Allr = \/m be the Frobenius norm of a tensor
A induced by the inner product. For a matrix A with columns (ay,...,a,), the ¢5; matrix
norm defined as [|Alla1 = 277, [la;|. We also use Oy to denote the set of N x N orthogonal
matrices, i.e. matrices A such that ATA = Iy, where Iy is N x N identity matrix. Lastly,

for a,b e R, put a A b = min(a,b) and a v b = max(a,b).

2 Tensor Factor Models

Traditional factor models apply to 2-dimensional panel data represented by a matrix Y €
RNXT The factor model with R factors can be expressed as a sum of a low-rank matrix and

a matrix of idiosyncratic shocks:
Y = AF" + U, EU =0,

where F' € RT*® is a matrix of R factors, A € RV*® is a matrix of corresponding factor
loadings, and U € RV*T are idiosyncratic random shocks.® The estimation of factors and
their loadings can be done via PCA which can be computed with the singular-value decom-
position (SVD) of Y. More precisely, the fators/loadings can be estimated as the leading R
right /left singular vectors of Y. Equivalently, the loadings can be estimated as the leading
R eigenvectors of YY T while and the factors as the leading R eigenvectors of Y'Y.

A d-dimensional panel dataset can be represented by a d-way tensor, denoted Y €

6The factors and loadings can be random, but all results are stated conditional on their realization.



RN >X-xNa We can describe Y by enumerating all its elements along the d ways (or modes):
Y = {yil,i2,...,id7 1< ij < Nj, 1< j < d},

see Figure 1 for a graphical illustration. Similarly to a 2-way factor model, we can define a

d-way factor model for a d-way tensor Y € RV1**Na a5 follows
Y = low-rank tensor X + U.

Unlike for matrices, the rank of a tensor can be defined in several different ways. To describe

the notion of rank used in this paper, we need to introduce the notion of tensor matricization.

Figure 1: A scalar, and tensors of order 1 (vector), 2 (matrix), and 3

A tensor matricization operation can be described in terms of tensor fibers—a general-
ization of matrix rows and columns. A fiber is defined by fixing all but one of its dimensions,
e.g., a matrix column is a mode-1 fiber and a matrix row is a mode-2 fiber. The mode-j
fibers of a higher-order tensor are defined similarly; see Figure 2 for an illustration in the

case of a 3-way tensor.

Recall that a matrix Y € RV*M can be vectorized by stacking all its columns to obtain
an N1 Ny x 1 vector. There is also a second way to vectorize a matrix by stacking all its
rows into an 1 x Ny N, vector. Similarly, a d-way tensor Y € RV >**Nd¢ can be matricized
in d different ways across each of its d modes.” The mode-j matricizations of a tensor are
obtained by stacking its mode-j fibers as columns of a N; x N_; matrix, denoted Y ;y, where

we define N_j := [, Ni. Formally, the elements of a mode-j matricization of a tensor

"Sometimes the term “flattening” of a tensor is used. We prefer the term “matricization” as it makes
clear we are creating matrices, i.e., tensors could be flattened to lower dimensions that are not necessarily
matrices.



Figure 2: Mode-1,2 and 3 fibers of a 4 x 5 x 3 tensor
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Y e RNv*xNa i5 obtained by the following mapping:

d n—1

yil,’iz,.‘.,id — yij,k Wlth k = 1 + Z (211 - 1) H Nm )
n=1 m=1
n#j m#j

where ¢; 1 is (i, k) element of Y ;) € RNi*N-j: see Appendix A.1 for a numerical example
of how a 3-way tensor is matricized along each of its three ways.

As we have already mentioned there are several different definitions of tensor rank, each
leading to a different d-way factor model. The two most widely used definitions of tensor
rank go back at least to Hitchcock (1927) and lead to the so-called Canonical Polyadic
(CP) and Tucker decompositions.® The Tucker decomposition is more general than the CP
decomposition and is based on a notion of a multilinear rank which corresponds to the d-tuple

of ranks of each of its mode-j matricizations:

Definition 2.1. A tensor X € RN *Na has g multilinear rank (Ry, ..., Rq) if
rank(X;)) = R; 1<j<d

Note that the matricizations of a tensor can have in general different ranks which is

allowed in the Tucker decomposition and is not allowed in the CP decomposition. We can

decompose a tensor X € RM>**Na with multilinear rank (Ry, ..., Ry) as
Ry Ro Rq
— (1) ®) (d)
Xila“wid - Z Z e Z ng,TQ,"' aTd)\il,TlAi27T2 T )\id,Td
ri=1re=1 rqg=1

8The CP decomposition is also known as CANDECOMP or PARAFAC; see Carroll and Chang (1970),
Harshman (1970). The name Tucker decomposition comes from Tucker (1966).



or more concisely as

where A; € RYi*%5 is a matrix of factors/loadings with entries )\Ej ?Tj; G e RftxEBa i the so-

-----

is the mode-j product. The mode-j product is defined as a multiplication along the mode-7,

e.g., the mode-1 product here is defined as map x; : RFtxFz-xRa o RNxFr _, RNix R xRa

with
R1
1
G X1 Al = <Z Gryra,..., Td/\Z(b)?”)
r=1

Following the idea of defining a tensor factor model as a sum of a low-rank tensor and a

1§i1 <N1,1<’F]' éRj,Qﬁde

tensor of idiosyncratic shocks, we define the Tucker tensor factor model as

Y=X+U, TEU=0

=G;AﬁU. @

j=1

It is known that the Tucker decomposition is in general not unique, however, it is possible to
identify the core tensor and all factors/loadings in the Tucker tensor model under additional
orthogonality restrictions; see Section 3.1. The orthogonality restrictions are also commonly

used to identify 2-way factor models.

Remark 2.1. In economics and finance, we often have 3-dimensional panels, where one of
the dimensions corresponds to time. Setting F' := A3 and T := N3, the model in equation (1)
becomes

YZGX1A1X2A2X3F+U, EU = 0.

If firy is the (t,73) element of the factor matriz F € RT*Fd_ then the entries of Y can be

written equivalently as

R1 Rz R3

_ 1) (2
Yiyia,t = Z Z 2 grl,rz,m)‘il,rl)‘ig,rgftﬂ‘s + Wiy ig,t

ri=1ro=1r3=1

Ry Ro R3
_ 1) £ _ (2) »(2 _ (3)
- Z )\11,7‘1 fiz,tﬂ‘l + uilyi%t - Z )\7,'2,7‘2 fil,t,TQ + uilviQyt - Z >\7,'1,7,'27T3ft7r3 + ui17i27t7
ri=1 ro=1 rg=1

where f-(l) f-(2) AP are suitably defined. The last expression suggests that the Tucker

12,6710 Ji1,t,m20 TN ,i2,73

tensor factor model has Rs underlying time series factors with heterogeneous erposures



)\(3)

i iars JOT modes-1 and 2. However, we could also rewrite it as a factor model with Ry

and Ry factors for modes-1 and 2 respectively. The model is consistent with Lettau (2022,
2023) who considers the exact factor model with U = 0. In contrast, in statistics it is com-
mon to consider a model, where the dynamics is driven by the core tensor G, € RItt>Rz
and there are Ry x Ry time series factors; see Han et al. (2024), Chen et al. (2022), and
Barigozzi, He, Li, and Trapani (2023) among others.

Remark 2.2. When Ry = Ry = --- = Ry and the core tensor G is diagonal with elements

Grrvg = Lpi—cry, we obtain the CP tensor factor model:
R
Y=> Moo +U,  EU=0,
r=1

with Nj x R matrices \; = ()\gj), o ,/\g)) for 1 < j < d, where o denotes the tensor outer
product. The CP factor model corresponds to the notion of CP rank. Formally, we say that a
d-way tensor is a rank-1 tensor if it can be expressed as an outer product of d vectors. Every
tensor X € RNv>Na can be expressed as a finite sum of rank-1 tensors and the smallest
number R of such rank-1 tensors is called the CP rank of X. The CP model requires that all
mode-j matricizations Y (jy, ] < d have the same rank R which may be restrictive in some
applications.” Estimation in this model is also studied in Chang et al. (2023) and Chen et al.
(2025).

In the remaining part of this section, we consider several examples of tensor data in
economics and finance, showing that such type of data appear in many applications. Using

3-dimensional examples with the notation Y = y; ;1 or y; j+, they include:

e Input-Output Models: i is industry sector, j type of input (e.g., labor, materials,

capital), and k region or country

e Macroeconomic Data Across Countries ¢ country, j macroeconomic variables (e.g.,

GDP, inflation, unemployment rate) and ¢ time period (e.g., quarterly, annually)

e High-Frequency Trading Data: i asset (e.g., stocks, commodities), j attributes (e.g.,

bid price, ask price, volume), and ¢ timestamps (e.g., milliseconds)

e Energy Markets and Economics: i country, j energy types (e.g., coal, wind, solar, oil),

and ¢ time periods

9A previous version of our paper, Babii, Ghysels, and Pan (2022), considered the CP factor model which
is now a special case of a more general framework.



e Supply Chain Analysis: ¢ products, j locations (e.g., factories, warehouses, retail out-

lets), and t time periods

e Real Estate and Urban Economics: i region or city, j property types (e.g., residential,

commercial), and ¢ time periods.
As well as 4-dimensional examples such as:

e Banking and Credit Risk Models: i customer, j loan types, k credit scores, and ¢ time

periods

e Consumer Behavior Analysis: ¢ consumer demographics (e.g., age group, income level),

J product categories (e.g., electronics, groceries), k regions, and ¢ time periods.

3 Tensor PCA

In this section, we consider two tensor PCA (TPCA) algorithms to estimate the Tucker ten-
sor factor model in equation (1). We begin by discussing the sufficient identifying conditions
and present a simple TPCA algorithm. We argue that the simple TPCA is optimal when
factors are strong in the second subsection. The third subsection describes an improved iter-
ative alternating least-squares algorithm and discusses the improvements for the weak factor
model. The next subsection provides the large sample distributions for loadings/factors
estimated with simple TPCA.

3.1 Identification and Simple Tensor PCA

It is known that the Tucker decomposition of a tensor is not in general unique. In this
section, we argue that the loadings/factors in the Tucker tensor factor model in equation (1)

can be identified under the following assumption:

Assumption 3.1. For every 1 < j < d, (i) AJA; = Ig;; and (i) GG ;) = D; with

a3 2 2
D; = diag(oy,, . .. ,O'j’Rj) for some 0, = --- > 0jp, > 0.

Strictly speaking, if the objective is to identify factors/loadings up to an unknown rotation
matrix O;, one would only need to impose Assumption 3.1 (i), c¢f. Bai and Ng (2002).
However, orthogonality of the core tensor is needed for identifying the rotation matrix O;
and the core tensor G;). Similar assumptions have previously been made in related setting;
see Chen, Xia, Cai, and Fan (2024).



Following Remark 2.2, we would also like to note that the CP decomposition is identified
up to unknown permutation and scaling without orthogonality Assumption 3.1. A celebrated

Krushkal’s theorem, see Kruskal (1977), provides a sufficient condition:
d
Dlka, =R+ (d—1),
j=1

where ky; is the largest number of linearly independent columns in the factor /loading matrix
A; € RNi*_ This condition becomes binding when the factor/loading matrices do not have
full ranks. Interestingly, one can use this approach to identify factors and loadings in a 2-way
factor model without assuming orthogonality and working with the 3"¢ moment (skewness
tensor) instead of the 2"¢ moment (covariance matrix). Therefore, orthogonality is not
needed even in the standard 2-way factor model. This idea is developed further for the CP
tensor factor model in Chang et al. (2023) and Chen et al. (2025).

By Appendix Lemma A.4.2, the mode-j matricization of equation (1) is
T
Y = AGg) (@ Al) +Uy, 1<js<d,
I#]

where @l;ﬁj N =MN® - @N11®A;_1®---®A;. The latter satisfies the following property
(see Appendix for the proof of this and all subsequent results):

Proposition 3.1. Under Assumption 3.1 (i)
T
(@Ak) (@Ak> =Ig_,, 1<j<d,
k] k#j

where R_j = [ [;.; Bx-

Then the tensor factor model is identified from the PCA applied to Y ;). Indeed, if U = 0,
then by Proposition 3.1
Y)Y () = ADA]

where under Assumption 3.1, (ii) D; = G(j)G(Tj) is a diagonal matrix and AJA; = Ig,. Then
A; is identified as eigenvectors of Y(j)Y(Tj) or equivalently as the left singular vectors of Y ;.

Moreover, we have

Y X Al =G 2)

since A]-TA]- = Ip, forall 1 < j < d. It U # 0, then assuming that the factor part domi-

10



nates the noise asymptotically, cf. Assumption 3.3 below, identification is achieved in large

samples.

This leads us to the TPCA estimation Algorithm 1 often credited to Tucker (1966) with

some aspects already in Hitchcock (1927).1°

Algorithm 1 TPCA

1: procedure TPCA(Y,Ry,..., Ry)

2 for j=1,...,ddo

3: Aj < N; x R; matrix of R; leading left singular vectors of Y ;)
4: end for
5
6
T

G<Y X;.lzl A]T > Estimate the core tensor
return G,Al, Ag, o ,Ad
end procedure

It is easy to see that the core tensor estimator G in Algorithm 1 can equivalently be

characterized as a least-squares estimator which we state formally as a proposition below.

Proposition 3.2. The least-square problem

min
GERRl X o de

d
Y -G X A,

J=1

F

has the following solution: G=Y X?Zl A]T

3.2 Rates of Consistency

The following assumption imposes mild restrictions on the data generating process.

Assumption 3.2. The idiosyncratic errors U = {w;, ;= 1 <1i; < N;,1 < j <d} are i.i.d.
such that B(uy, . ;,) = 0, Var(ug, . ;,) = 02, and for some ¢ > 0, E[e -] < e YA eR.

Assumption 3.2 does not impose any restrictions on the dependence structure in factors
and loadings. The factors may be generated by a non-stationary process and the loadings
may fail to be i.i.d. It is plausible that after controlling for cross-sectional and time-series
dependence through the factor structure, the idiosyncratic errors are i.i.d. Nonetheless,
Assumption 3.2 is more restrictive than what is typically made in the 2-way factor literature.

We believe that it can be relaxed to heterogeneous and dependent arrays at costs of heavier

10Tt is also known as higher-order singular values decomposition in the numerical analysis; see De Lath-
auwer, De Moor, and Vandewalle (2000b).

11



notation and proofs which is left for future work. The last part of this assumption is a bound
on the moment-generating function which is equivalent to subgaussian tails; see Vershynin
(2018), Proposition 2.6.1.

Next, we make an assumption about the factor strength. Let o;; be the smallest non-
zero singular value of the matricized tensor X(;) and let 6 = min;¢j<q0; g, be a measure of
factor strength in the tensor factor model. We assume next that factors are not extremely
weak in the sense that the smallest singular values of matricizations are well-separated from

Zero:

Assumption 3.3. The factor strength is such that 6> = N%? + max;<j<q N;, where N :=
d
Hj:l Nj'

The strong factors model in the tensor setting can be described as 6> ~ N¢.'! In this case,
Assumption 3.3 is automatically satisfied. Let O; be the optimal rotation matrix solving

minoeoy, [4,0 — Aj[[#."* The following result holds:

Theorem 3.1. Suppose that Assumptions 3.1 (i), 3.2, and 3.3 are satisfied. Then with

cN;

probability at least 1 — Ce i, we have

RN, RN

14,0, — Al < =5 + ST

1<Vj<d

The proof appears in the Appendix. Theorem 3.1 is a non-asymptotic result valid for
any values of tensor dimensions (Ni,...,N;), provided that Assumption 3.3 is satisfied.
It also applies to the CP-factor model, when matricizations have the same ranks and fac-

tors/loadings are assumed to be orthogonal.

Remark 3.1. Consider the 2-way case, Y = AFT + U with Y € RV A e RV*E gnd
F e RT*E where R is the number of factors. In the strong factor model, the smallest singular
value of AF'" is 6 ~/NT. Theorem 3.1 implies that

A R ~ R
hoi-ait=0p(3) et 1FO-FE = 0n(§),
To the best of our knowledge, these rates are faster than the best currently known results in
the factor literature, though obtained under more restrictive spherical assumption imposed

on errors, cf. Bai and Ng (2023), though obtained under more restrictive assumptions. We

HTn the 2-way case, this corresponds to assuming that the squared singular values of Y scale at the
v/ NT-rate; see also Onatski (2012, 2022) for the weak factors in the 2-way case.

12Tt is known that the optimal rotation matrix for the Frobenius norm has a closed-form expression
O; = sign(A] A;), where the sign of a matrix A with SVD A = UDV'" is defined as sign(4) = UV

12



also allow for the number of factors to diverge slowly with the sample size; see also Freeman
and Weidner (2023) and Beyhum and Gautier (2022) for results with a diverging number of

factors in the 2-way case.

Remark 3.2. For the strong factor model, when 6> ~ N, Theorem 5.1 shows that

. R,
|4;0; = Al = Op <—J> ,  l<Vi<d
N-j
More generally, the Op(R;N;/6?) rate is obtained provided that the factor/loadings strength

is such that 6* = N_;. This rate is known to be minimaz-optimal when d = 3 see Zhang and
Xia (2018), Theorem 3. This justifies the naive TPCA Algorithm 1 for strong factor models.

Remark 3.3. If the last tensor dimension corresponds to time, i.e., Ng =T and Ag = F,

then for the strong factor model, Theorem 3.1 shows that factors are estimated at the rate

. R
FO4—F|%=0p | ——=2——.
[FO4 = Flr = Op <N1N2...Nd1)

3.3 Alternating Least-Squares

For weak factors/loadings, the estimation accuracy of factors/loadings in Theorem 3.1 does
not always improve when more data is available in all tensor dimensions because the second
term with N can dominate, creating a bottleneck. This comes from the fact that the matri-
cized tensor Y ;) has a very large number of columns, namely N_;. Under Assumption 3.1,

using the mode-/ multiplication of Y by loadings A;,l # j, we obtain

Y XA =Gx; Al +U XA/, (3)

l#j I#3

cf. equation (2). The mode-j matricization of equation (3),

<Y X AlT) = NG + (U X AZT) :
1#j ) 1# ()

has a much smaller number of columns, namely R_; instead of N_;. Therefore, applying
PCA to the mode-j matricization of the left-hand side in the equation (3), may allow us
to estimate A; more precisely, provided that the noise is negligible; see also equation (A.6).

[terating this procedure and updating the factors/loadings leads to the alternating least-
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squares Algorithm 2 for Tucker decomposition; see Kroonenberg and De Leeuw (1980).'
The following result establishes the convergence rate of estimators computed using this

algorithm:

Theorem 3.2. Suppose that assumptions of Theorem 3.1 are satisfied and for all j < d,
we have 01; < 9, N; ~ N 1 o, and R; = O(1). Then if the factor strength is such that
N?/5* = o(1) and the number of iterations is k = log(N@=1/2/§), we obtain with probability
at least 1 — Ce=N:

HA}’%]- yy 1<Vj<d.

2
<
F627

The proof of this result appears in the Appendix.

Algorithm 2 ALS
1: procedure ALS(Y, Ry,..., Ry)
2 Initialize /A\;()) for 1 < 7 < d using Algorithm 1.
3 for k=1,2,...,k do

4 for j=1,2,...,ddo

5. Y& Yy ><l;éj ]\l(k—l)'l'

6

7

8

9

/A\g-k) < R; leading left singular vectors of Yéf)) > Update loadings/factors
end for

G—Y X? A(k)T > Estimate the core tensor
k)

1
10: return G, /A\g ,Ag ), e ,Aflk)
11: end procedure

Theorem 3.2 makes a simplifying assumption that the tensor dimensions increase pro-
portionally to each other which in the 2-way factor case requires that N/T"— ¢ > 0. Then
for the strong factor model, we have 6> ~ N¢ and the condition N¢/§* = o(1) simply re-
quires that N — oo which is trivially satisfied. Consequently, we obtain the rate of order
Op(1/N%1) which is the same as the optimal rate of the naive TPCA Algorithm 1. How-
ever, when the factors are weak, the rate of the ALS Algorithm 2 can be faster than that
of the naive TPCA. Therefore, we can expect that the ALS with naive TPCA used as a
starting point may estimate factors/loadings more accurately, provided that a sufficiently

large number of iterations is made.

Remark 3.4. It is known that the rate achieved by the ALS Algorithm 2 in Theorem 3.2
is minimaz-optimal when d = 3; see Zhang and Xia (2018), Theorem 3. Interestingly, if
the factors become so weak, that the N¢/6* = o(1) condition fails, the rate-optimal MLE

131t is also known as the higher-order orthogonal iterations; see De Lathauwer, De Moor, and Vandewalle
(2000a) for more details.
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estimator, is a solution to the NP-hard optimization problem and there is a gap between

statistical and computational limits; see also Richard and Montanari (2014).

3.4 Inference

In this section, we consider inference on loadings and factors in the general Tucker model,
covering the orthogonal CP model as a special case. The loadings/factors are estimated with
the TPCA Algorithm 1. Let /A\N-: and A;;. be R; x 1 vectors corresponding to the transposed
ith rows of AjOj and A; respectively, where with some abuse of notation, O; = AJTAj in this
section. For a matrix A € RV*® we define the following norm [Alls» = maxi<j<n [Aj |2,
where A;. denotes the j™ row of A. Lastly, let V; € R¥-7*% be the right singular vectors of
mode-j matricization of X.

For a matrix A, let P4 = AAT. If the matrix A is orthogonal, then P, is a projection

matrix. We need the following set of assumptions for inference:

Assumption 3.4. (i) the factor strength is 05, ~ N for all1 <r < R;j and 1 < j < d; (ii)
maxi<i<n, | Pa e = O(W/R;/N;) and ||[Vi]2.0 = o(1) for all j < d.

The coherence condition roughly requires that the values of factors/loadings are spread
out instead of being concentrated in a finite number of entries. It is satisfied if A; has entries
roughly of order 1/ \/E ; see Candes and Recht (2012), Definition 1.2.

The following result holds for factors/loadings, depending on the dimension j = 1,...,d:

Theorem 3.3. Suppose that Assumptions 3.1, 3.2, and 3./ are satisfied. Then

D1~/2</A\j’i: - Aj,i:) i) N(O, U2]Rj)7

J

provided that N_;/N? = o(1).

Note that for d = 3, conditions of Theorem 3.3 are satisfied when the tensor dimensions grow
proportionally, i.e., N ~ N 1 oo for j = 1,2,3. Note also that the results of Bai (2003),
Theorem 2, for 2-way factor models are not applicable to tensors because the condition
VT /N = 0o(1) does not hold for d = 3 when the tensor dimensions grow proportionally since
T ~ N? in this case.

We now turn to the estimation of scale components. Let (6]2.,T)1<T< r be the eigenvalues of
Y(j)Y(Tj). The following result holds:

Theorem 3.4. Under Assumptions of Theorem 5.5, we have

52 2

o, — 0

Kg T d

<—] ! ) = N(0,40°IR,).
Ojr 1<r<R

J
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It immediately follows from Theorem 3.4 that 6J2¢ /N is a consistent estimator of the asymp-

totic factor strength constant
2

O'.
di, = lim 2
P Ny Ng—oo Nd

4 Testing the Number of Factors

In this section, we develop a novel test for the number of factors in the tensor factor model.

Specifically, we consider the following hypotheses:
Hy : < k factors VS. H; : the number of factors is > k, but < K.

The quantity K is selected by the user and reflects the upper bound on the total possible
number of factors.

Let 6]2-’1 > 032.72 == &?‘,Nj > 0 be the eigenvalues of Y(j)Y(Tj). Under Assumption 3.3,

the first R; eigenvalues diverge from zero, at least in population. Consider the following

statistics . i
S; = max Azj” — Uf";“ , 1<j<d,
k<r<K 05,41 = 0jr12
and put
7 = max 67“ - 5r+1

0<r<K—k &1 — &pa
where (&1,...,8x _42) follow the joint type-1 Tracy-Widom distribution; see El Karoui

(2003) and Soshnikov (2002).
Then, consider the sequence:

—1/2 —1/2\ /3
r= (VNG VN =14 N AN ) (N v N = 172 (N A N ™2

The following result holds provided that N; < N_;:

Theorem 4.1. Suppose that Assumptions 5.1 and 3.2 are satisfied, O'ir ~ N and u, i, ~

N(0,0%). Suppose also that N;/T+ N_;/(N;7) = o(1). Then under Hy, S; 4 Z, while under
H,, we have S; 1 o for every j < d.

Note that the rate condition for 7 is satisfied in the 3-dimensional case when Ny ~ Ny ~

Nj3. Theorem 4.1 leads to the following testing procedure:

1. Let (Z;), be m independent random variables drawn from the same distribution as Z.
To approximate the distribution of (£1,&s,...), we use the eigenvalues of a symmetric
N] X N] Gaussian matrix = = (Cl,]) with CZ,] ~iid. N(O,Ti’j) with Tij = 1if 4 <j and

’7'1'73' =2f01"’i=j.
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2. Compute the p-value p; = 1—F,,(S;) for each 1 < j < d, where Fy,,(z) = £ 37" 1.

T m

The p-values would correspond to the null hypothesis that there are at most k factors for the
mode-j matricization. The joint tests for the number of factors across all matricizations can

be obtained using the Bonferroni’s correction. The a-level test would reject Hy whenever
p; < o/d.

In practice, one could run the test for several different values of k£ to determine the number
of factors and control the size with Bonferroni correction. Note also that the test statistic

S; is decreasing with k, which implies that p-values are increasing with &.

Remark 4.1. In contrast to Onatski (2009), the dimensions of matrices obtained from ten-
sor matricization do not grow proportionally and the Tracy- Widom asymptotics is recovered
thanks to El Karoui (2003). Note also that in our case we have the type-1 Tracy-Widom

distribution.

5 Monte Carlo Experiments

The objective of this section is to assess the finite sample properties of our estimation pro-

cedure.

5.1 Simulation Design

We consider the Tucker model for the 3-way tensor for N x J x T tensor
Y =G x; A xy M x3 F+ U,

where the core tensor is G € Rf1*F2xfs  the Joadings matrices are A € RV*Ft and M e

R7*F2 and the factor matrix is F' € RT*fs,

We set Ry = 1 and Ry = R3 = 2 and generate the 1 x 2 x 2 core tensor G with 1 x 2
slices
Gl = [0'1,0] and GQ = [0,0’2],

where 01 > 09 > 0. The corresponding matricizations are

g O o O
Gy = [01,0,0,02], G = [ 1 ] ., Gg) = [ 1 ] :

0 09 0 g9
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Clearly, G(j)G(Tj) for j = 1,2,3 are diagonal matricesl, hence, the core tensor satisfies As-
sumption 3.1. The smallest singular values of G;) are /0% + 03, 02, and o, respectively for
7 = 1,2,3. The factor strength is 6 = g5. We first set 07 = divV NJT and 0y = dovV NJT

which corresponds to the strong tensor factor model.

Therefore, we simulate the Y tensor with (i, j, )" observation

2
Yijt = O1Nifbj1fe1 + oaNiftjofro + i+, Wi gt ~iia. V(0,s5).

Note that this rank-(1,2,2) Tucker tensor factor model features fewer parameters than the

rank-2 CP model, where the first loading vector would be different in the two terms.

The rest of the DGP is as follows. We generate 1" x 2 matrix of factors from two inde-

pendent AR(1) processes
ft,r = Pft—l,r + Etr, Et,r Yiid. N(O, 53)7 r=1,2.

For the factor series f, € R, we compute f, = f./|f,| to ensure that the factor matrix
satisfies Assumption 3.1. All loading vectors are generated by taking norm-1 eigenvectors of

a symmetric positive semi-definite matrix AT A, where each element is A ~i1a U(0,1).

5.2 Small Sample Properties

In this subsection, we first assess how changing sample sizes affects the estimation accuracy of
factors and loadings, and show that the estimation improvements are perfectly aligned with
the convergence rates given in Theorem 3.1. We also show that the finite sample distribution

of the estimation error is aligned with the asymptotic distribution shown in Theorem 3.3.

For convergence rate, we simulate the 3-way tensor as described in Section 5.1 where
the parameters are set to be: (1) the AR(1) process f, takes p = 0.5 and s. = 0.1; (2) the
signal strength d; = 2,dy = 1 and the noise strength s, = 1; (4) the sample size of the
baseline model is (N, J,T7)=(30,30,30), and we compare the estimation error of the baseline
model with that of the modified model. We consider three different cases of modification: (a)
doubling sample sizes of all dimensions, (N, J,T') = (60,60,60), (b) doubling the sample sizes
of two dimensions, (N, J,T) = (60,60,30), (¢) doubling the sample size of only one dimension,
(N, J,T) = (60,30,30). We evaluate the estimates using the ¢, norm. Although the rank
for the M, F is 2, the convergence rates are the same for the first and the second rank and

it is enough to examine the first rank. As the signs of ;\T, i, and fr are undetermined, we

18



calculate the errors as follows:

Ly = | A x sign(ATA) — A,
L, = | i, x sign(i] 11,) — .,
L = ||f, x sign(f, f.) — f+],

where sign(a) = 1450 — Lo<o-

Figure 3 plots the histograms of the /5 losses of the baseline versus modified DGPs. In
panel (a) - (c), as we double the sizes of all dimensions, the estimation of the factor f; and
loadings 5\1, it7 all improve. The average error is reduced roughly by a half for the factor
and two loadings vectors. This is aligned with the convergence rate in Theorem 3.1, since
doubling all 3 dimensions of a tensor reduces the ¢y error by 1/2. In panels (d) - (f), when
we only double N and J, the improvement for the average error of A is 0.01 /0.015, while
the improvement for fi; is 0.012/0.017. Both are roughly aligned with the reduction in the
(5 error by 1/4/2. On the other hand, the improvement for fi is 0.0083/0.017, which is
aligned with the reduction of the ¢; error by 1/2. In panels (g) - (i), when we only double N,
there is no improvement for A; because J and T are unchanged in the Op(1/y/JT) rate; the
improvement for both fi; and fl are 0.012/0.017, which is aligned with the 1/ v/2 improvement
factor.

For the asymptotic distribution, due to symmetry, we focus on inference for the loading
vector p;, € R. We simulate the 3-way tensor using the same parameters as previous
simulation except that we fix the sample size at (N, J,T) = (30,30, 30). Theorem 3.3 shows
that

dvsy ' VNI T (fijr = 1) > N(0,1)

which is what we aim to verify with simulations. Figure 4 reports the histograms of the
scaled estimation error d,s; '/ NJT (fjr — pjr) in 5000 MC simulations. For convenience,
we only report the results of the first two elements of the loadings p;, with r = 1,2 and
7 = 1,2. It can be seen that the finite sample distribution closely matches the asymptotic
distribution, the QQ plot of the errors against the asymptotic distribution again confirms the
finding. Interestingly we find that the bias appears to be negligible. Overall, these results

show that the predictions of the asymptotic theory are valid in finite samples.

5.3 TPCA vs. ALS

In this subsection, we show that ALS (Algorithm 2) has faster convergence rate than TPCA

(Algorithm 1) under weak factor scenarios. According to Theorem 3.1 and Theorem 3.2,
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Figure 3: Estimation Accuracy of Tensor PCA: Changing Sizes of Dimensions

The DGP appears in Section 5.1. We plot the histograms of ¢5 losses of the estimated factor/loading of
baseline vs modified DGP in 5000 MC simulations. The baseline DGP has sizes (N, J,T) = (30,30,30), and

modified DGP has sizes (N, J,T) shown in the subtitles.
DGP while the orange histogram to the modified DGP

marks the mean of the /5 errors.

The blue histogram corresponds to the baseline

with the increased sample size. The dotted line
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Figure 4: Asymptotic Distribution Reconciliation

The DGP appears in Section 5.1. We plot the histograms of the scaled estimation error d,s; ' NJT (fi;, —
i) in 5000 MC simulations and compare it with the asymptotic distribution - standard normal. We also
show the QQ plot of the errors against the asymptotic. For simplicity, we only report the results of the first

two elements of the loadings p;,,7 = 1,2 and j = 1,2 as the theoretical results hold for all elements.
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Figure 5:  Asymptotic Distribution Reconciliation (continued)

The DGP appears in Section 5.1. We plot the histograms of the scaled estimation error d,s; WNJT (fuj,r —
;) in 5000 MC simulations and compare it with the asymptotic distribution - standard normal. We also
show the QQ plot of the errors against the asymptotic. For simplicity, we only report the results of the first
two elements of the loadings p;,,,7 = 1,2 and j = 1,2 as the theoretical results hold for all elements.
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under weak factors, the TPCA rate is Op (ﬁ + ﬁ) while the ALS rate is Op (ﬁ) for a
sufficiently large N, provided that the number of iterations is & is large enough. We follow
the same DGP as Section 5.2 except we set the signal strength o, = \/W for weak
factor. The sizes of all dimensions are set to be the same so that the finite sample properties
are the same for all dimensions, and it is enough to examine only one dimension.

Figure 6 (a) plots the comparison between TPCA and ALS when all dimensions are
doubled from (30, 30, 30) to (60,60,60). The dotted line marks the mean of the ¢y errors. It
can be noted that ALS shows more improvement in error reduction, from the mean of 0.16
to 0.13, while TPCA error is reduced from 0.21 to 0.18. The error reduction rate of ALS -
0.13/0.16 - is roughly in line with the theoretical value of 1/(2%%), and the error reduction
of TPCA - 0.18/0.21 - is also roughly aligned with the theoretical value of 1/(2%2), which is
slightly slower under weak factors.

Figure 6 (b) shows the improvement of ALS (with 10 iterations) over TPCA under weak
factors. It can be noted that ALS with 2 iterations already improves TPCA, and ALS with
10 iterations further improves the estimation, though by slightly less.

Lastly, to check if our theory is robust to correlated errors, we simulate the errors as

Uijt = Pulliji—1 + &ijits € ~iia. N(0,1—p2),

where we set p, = 0.5 to ensure that Var(u, ;) = 1 as before. The results plotted in Figure
7 (a) show that estimation errors are slightly larger compared to the i.i.d. case displayed in
Figure 6 (a) while the rest of conclusions holds. Interestingly, we find that the ALS requires
more iterations to converge with dependent errors; see Figures 6 (b) and 7 (b). We conclude

that the TPCA estimators work well under dependent errors.

5.4 Testing the Number of Factors

We conclude with power properties of our maximum eigenvalue ratio test for the number
of factors discussed in Section 4. The DGP is generated as described in Section 5.1. We
generate rank (1,2,2) model, and test the null hypothesis that the rank is 1 against the

alternative that there are more than 1 but less than K factors for each matricization.

The parameters are designed as follows: (1) the scale component is o, = d, x v/ NJT
with d; = 2 and we gradually increase dy to study the power properties of the test, so when
dy = 0, the empirical rejection probability corresponds to empirical size of the test, and none
zero dy corresponds to empirical power for rank 2 dimensions, (2) we study cases where the
idiosyncratic errors are generated with Gaussian distribution or Student’s t distribution (the

degrees of freedom are 5), and in both cases the variance of the errors is normalized to be
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Figure 6: TPCA vs. ALS when doubling dimensions

The weak factor DGP appears in Section 5.3. We plot the histograms of ¢5 losses of the estimated fac-
tor/loading of TPCA vs ALS in 5000 MC simulations. The baseline DGP has sizes (N, J,T) = (30,30,30),
and it is compared to the DGP has double the sizes (N, J,T") = (60,60,60). The dotted line marks the mean
of the ¢3 errors. The plot (a) shows that ALS (with 10 iterations) has larger improvement than TPCA under
weak factors, and the plot (b) shows how ALS iterations improves the convergence rate.
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sy = 1, (3) we study finite sample properties of the test using 3-way tensor, and the sizes of
the tensors is (N, J,T) = 30 x 40 x 50, with the first dimension being the smallest.

We perform the test for the number of factors as discussed in Section 4, where we ap-
proximate the asymptotic distribution of the statistics by randomly generating Gaussian
matrices 5,000 times, and we also replicate the simulations for 5,000 times to calculate the
empirical rejection probability for each scenario.

Figure 8 reports the empirical rejections probabilities of the test for the null hypothesis
of 1 factor against alternative of more than 1 factor but less than K factors, with K = 3,5, 7,
on a 3' order tensor. The test is performed on each matricization individually and plotted
separately. The power curves show that the empirical size of test is very close to the nominal
level of 5%, and the empirical power of the test reaches 1 as the strength of the second
factor dy increases. The comparison among different K values implies that, when the true
number of factors is within range of the alternative hypothesis, the tighter the range of the
alternative is, the more likely we reject the null when the alternative is true. This finding is

true no matter which matricization we perform the test on.

We also make comparisons of the test for different types of errors. The two plots of Figure

1Since the rank is 1 for the first dimension, the power stays at the nominal level.
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Figure 7.  TPCA vs. ALS when doubling dimensions under dependent errors

The weak factor DGP appears in Section 5.3 except for dependent errors discussed in Section 5.3. We
plot the histograms of ¢ losses of the estimated factor/loading of TPCA vs ALS in 5000 MC simulations.
The baseline DGP has sizes (N, J,T) = (30,30,30), and it is compared to the DGP has double the sizes
(N, J,T) = (60,60,60). The dotted line marks the mean of the ¢5 errors. The plot (a) shows that ALS (with
10 iterations) has larger improvement than TPCA under weak factors, and the plot (b) shows how ALS
iterations improves the convergence rate.
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Figure 8: Testing the Number of Factors: Power Curves

The power curves are plotted for testing the null hypothesis of 1 factor against alternative of more than
1 but less than K factors, with K = 3,5,7. Plots (a) through (c) report the tests for each matricization
separately for a 3rd order tensor with Gaussian errors.
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Figure 9: Testing the Number of Factors: Power Curves for Different DGPs

The power curves are plotted for testing the null hypothesis of 1 factor (Hyp: the number of factors < 1
factors) against the alternative hypothesis of 2-5 factors (H;: the number of factors is > 1 but < 5), for
cases of 3-dim tensor normal/t-distribution errors. We report the empirical power of testing on individual

matricizations.
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9 correspond to tensor with: (a) Gaussian errors, (b) Student’s t distributed errors. Among
different matricizations, the dimension with the larger size (‘mat3’ ) tend to climb faster to
one than smaller size (‘mat2’), meaning the matricization with the larger dimension gives

the higher empirical power.

Finally, while our simulation results rely on the critical values that assume Gaussian
errors, we learn from Figure 9 (b) that the test performs well for non-Gaussian distributions

albeit with some loss of power.

6 Empirical Illustration: Dealing with Missing Firm

Characteristics

Bryzgalova et al. (2024) drew attention to the phenomenon of missing data in firm charac-
teristics, which are the cornerstone of academic research in finance. They provide a compre-
hensive analysis of missing data in firm characteristics, and show that patterns of missing
characteristics vary substantially across characteristics. As a remedy they propose a statis-

tical factor model for imputing missing values and investigate the impact of missingness on
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asset returns.'®

Firm characteristics data are of the tensor type. Indeed, for each firm, one has across time
a set of observed or missing characteristics. The statistical methods proposed by Bryzgalova
et al. (2024) do not exploit the tensor data structure, while in this empirical application we
do and we show that using our proposed tensor data models improve on their time series of
cross-sectional models.

We conduct the empirical study using the dataset created by Freyberger, Neuhierl, and
Weber (2020). The data cover 35 firm characteristics, which are described in Table A.2. The
dataset is monthly and ranges from January 1966 to December 2020, and there are a total
of 13588 firms in the entire sample. This number is smaller than 22630 in Bryzgalova et al.
(2024), because we only have access to the pre-cleaned dataset that has no missingness in the
cross-section of characteristics, i.e., all characteristics exist for all firms at any time period.
However, this difference does not affect the empirical results because the RMSE are calculated
based on simulated (masked) missing characteristics both in this paper and in Bryzgalova
et al. (2024). The results calculated based on cross-sectional factor model are also very close
to those in Bryzgalova et al. (2024). This tensor dataset is highly unbalanced where only
15.78% of the data are not missing, and the average length of non-missing characteristics of
all firms is 104.16 months.

Prior to estimating the tensor factor and the cross-sectional factor models, the raw char-
acteristics are converted into rank quantiles within range [—0.5,0.5]. This is done because:
1) different characteristics have different scales, and PCA has best performance when applied
to data of similar scales, 2) centered rank-normalized characteristics are stationary in the
cross-section and over time, and 3) it handles outliers. In practice, the predicted missing
rank quantiles can be converted back to the original scale of the raw data.

Instead of fitting cross-sectional two-way factor models to each slice of the tensor (i.e.,
each matrix at period t), we fit three-way factor models on non-overlapping 5-year horizons.
There is a considerable amount of parameter proliferation when estimating time series of
cross-sections, thus we would expect a better performance from the parsimonious tensor-
based approach. We compare our model to the traditional two-way approach in terms of
imputation accuracy, and several other alternatives are also considered. See Section A.2 for

detailed description of the model and other approaches being compared.

15Factor models can also be used to impute the missing counterfactual potential outcomes; see Bai and
Ng (2021).
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6.1 FEvaluation Metrics

Similar to Bryzgalova et al. (2024), we consider the standard evaluation metrics for model
prediction errors - RMSE (root-mean-squared errors). The aggregate RMSE is averaged over

all firms, characteristics, and time periods, which is calculated as follows:

L Ny
RMSE = —Z ZFZ it — Cige)?

We report both in-sample (IS) and out-of-sample (OOS) RMSE. For measuring out-of-
sample RMSE, we randomly mask observed characteristics and calculate RMSE comparing
predicted characteristics and the true masked ones. We take the same appraoch as Bryz-

galova et al. (2024) to randomly mask 10% of the characteristics using two schemes:

1. Missing Completely at Random (MCAR). 10% of the characteristics are masked com-

pletely at random.

2. Block Missing. We again mask 10% of the characteristics. In order to capture the
time-series pattern of the missingness, we randomly mask characteristics in blocks of
one year. Based on the observational result of missing characteristics in Bryzgalova
et al. (2024), 40% of the blocks are at the beginning.

We also report the R? that measures the explained variation of the model relative to the

total variation, which is a transformation of the RMSE.

6.2 Number of Factors for Characteristics Tensors

Estimating both the tensor and cross-sectional factor models involves determining the num-
ber of factors. As noted in Bryzgalova et al. (2024), the optimal number of factors for the
cross-sectional models is between 6 and 8, and they select 6 factors as their final model. In
comparison, we use the test introduced in Section 4 to determine the number of factors for

each dimension. The test is conducted with the following hypothesis:
Hp : < k factors VS. H; : the number of factors is > k, but < K.

where K = k + 1 and we increase k from 1 to 20 (20 is the upper bound of the number
of factors we deem reasonable). Since the test is conducted multiple times on the 5-year
sub-samples, we use Bonferroni correction to reduce the probability of type I errors.

Figure 10 plots the p-values of test where the x-axis is test parameter k, and for each k

there are 11 dots representing the p-value of each 5-year sub-sample. The test is conducted
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on each dimension and for each missing scheme - missing-completely-at-random (MCAR)
and missing in blocks of one year (Block). The red dash line is the Bonferroni adjusted
significance level. The test result suggests that there is large number of factors in the
characteristic dataset (i.e., there is no sharp change in the eigenvalues detected). Therefore,
we select 20 factors as the baseline model for optimal results'®, and we also present the

results with 6 factors for a comparison with the cross-sectional model.

6.3 Imputation Results

In this subsection, we compare all the methods listed in Table A.1'". Some methods require
backward and/or forward information, and they become inapplicable when this information
is not available. Hence, we use the natural fallback approach, where we replace a method
that requires time-series information by a pure lower-level method. For example, B-TPCA is
replaced by TPCA and B-XS-ridge is replaced by XS-ridge when the previous characteristic

is not observed.

Table 1 summarizes the main imputation results of different methods. We report the
in-sample, out-of-sample missing completely at random (OOS MCAR), out-of-sample block
missing (OOS Block) for all characteristics using the full sample period. The cross-sectional
(XS-ridge) based methods and the Tensor PCA (TPCA) based method are estimated with
different number of factors R with R € {6,20}. The first thing to note is that the cross-
sectional median method produces imputation errors that are more than twice as large
compared to previous value and autoregression methods, both in-sample and OOS missing
completely at random. This demonstrates the importance of considering time-series de-
pendency among firm characteristics. The previous value and autoregression methods are
relatively reliable when the characteristics are not missing in blocks. However, these two
method are no longer applicable when previous values are not available under the case of
block missing, which is very common in firm characteristics. Therefore, the results of pre-
vious value and autoregression are very close to that of cross-sectional median. Without
the combination of backward/forward information, the previous value and autoregression
methods are better than XS-ridge in both in-sample and OOS MCAR, but are a lot worse
when characteristics are missing in blocks. However, TPCA is consistently better than the

standard approaches in both out-of-sample performances.

16The test result is aligned with the empirical finding that, when the number of factors is smaller than
20, the more factors the better the imputation performance. We also considered several alternative testing
methods leading to the same conclusion.

I"BF-TPCA is not reported because it shows slight worse performance than B-TPCA, and B-TPCA is
the considered the best model among all.
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Figure 10: Testing the Number of Factors: p-values

This figure plots the p-values of test where the x-axis is test parameter k, and for each k there are 11 dots
representing the p-value of each 5-year sub-sample. The test is conducted on each dimension and for each
missing scheme - missing-completely-at-random (MCAR) and missing in blocks of one year (Block). The

red dash line is the Bonferroni adjusted significance level.
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The results comparing TPCA and XS-ridge methods indicate that XS-ridge method
is overfitting the characteristics data. XS-ridge method has lower RMSE and higher R?
in-sample than TPCA with the same number of factors, while it falls behind TPCA out-of-
sample under both missing patterns. The differences are most prominent with 20 factors and
under OOS MCAR, where B-XS-ridge is about 40% higher than B-TPCA in terms of RMSE
and about 10% lower in terms of R2. The differences are smaller under block missingness
because of lacking in time series information. However, the difference still demonstrates that
tensor factor model is superior to cross-sectional factor model by incorporating the time

dimension.

TPCA remains superior to cross-sectional factor model when combined with backward
and forward information. Since TPCA more accurately predicts the missing characteristics
than XS-ridge, the superiority is preserved after being combined with the same informa-
tion. In addition, ALS'® further improves the imputation accuracy by providing a faster

convergence rate.

7 Conclusion

Modern datasets are often multidimensional, extending beyond the 2-dimensional panel data
structures used in traditional factor models and PCA. In this paper, we study a class of d-
way factor models for high-dimensional tensor data, which are a natural generalization of
traditional 2-way factor models. We demonstrate that d-way factor models can be estimated
with a variation of PCA, which we call TPCA. This simple algorithm is optimal for the
strong factor model. We also consider an improved iterative ALS algorithm which is optimal
when the factors are moderately weak.

Additionally, we propose the first formal statistical test for the number of factors in a
tensor factor model. Our findings indicate that the tensor factor model offers efficient dimen-
sionality reduction compared to naively pooled traditional factor models. Simultaneously,
the model is parsimonious with easily identifiable factors and loadings. These conclusions
are supported by extensive simulation results. Lastly, we consider an empirical application
to imputing missing firm characteristics.

Interesting applications of TPCA and our results could potentially include more refined
panel data models with covariates, e.g., see Freeman (2022) and Beyhum and Gautier (2022)

as well as causal inference and imputations with tensor data; see Agarwal, Shah, and Shen

18In the empirical study, we no longer restrict the number of iterations to be a fixed number. Rather,
we let the iteration stop once the improvement on the goodness of fit (R-square) compared to the previous
iteration is smaller than 104,
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Table 1: Imputation Results of All Approaches

This table reports RMSE and R? of all methods listed in Table A.1 computed on the full sample. The
results are reported for the in-sample, out-of-sample missing-completely-at-random (OOS MCAR), and out-

of-sample missing in blocks of one year (OOS Block).

In-Sample O0OS MCAR OOS Block

Method (# factors) ~ RMSE R? RMSE R? RMSE R?

TPCA (6) 0.1841 0.5471 0.1856 0.5402 0.1903 0.5183
ALS (6) 0.1778 0.5777 0.1792 0.5714 0.1848 0.5453
XS-ridge (6) 0.1657 0.6713  0.1980 0.5309  0.2001 0.5232
B-TPCA (6) 0.0904 0.8908 0.1044 0.8545 0.1847 0.5458
B-ALS (6) 0.0900 0.8918 0.1030 0.8585 0.1796 0.5708
B-XS-ridge (6) 0.0862 0.9110 0.1169 0.8363 0.1950 0.5469
BF-XS-ridge (6) 0.0789 0.9254 0.1220 0.8217 0.2001 0.5232
TPCA (20) 0.1279 0.7814 0.1329 0.7644 0.1474 0.7109
ALS (20) 0.1267 0.7855 0.1319 0.7679 0.1471 0.7123
XS-ridge (20) 0.0598 0.9572 0.1613 0.6888 0.1642 0.6790
B-TPCA (20) 0.0835 0.9070 0.0911 0.8893 0.1441 0.7239
B-ALS (20) 0.0830 0.9081 0.0906 0.8904 0.1437 0.7252
B-XS-ridge (20) 0.0317 0.9880 0.1287 0.8018 0.1621 0.6870
BF-XS-ridge (20) 0.0282  0.9905 0.1257 0.8110 0.1642 0.6790
Prev. Value 0.1282 0.8031 0.1522 0.7229 0.2814 0.0570
Median 0.2890  0.0000 0.2890  0.0000 0.2898  0.0000
AR(1) 0.1153 0.8407 0.1426 0.7566 0.2810 0.0596
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APPENDIX

A.1 Tensor Matricization: An Illustrative Example

Fixing all but two indices of a tensor, we obtain a matrix, called slice; see Figure A.1 for a

graphical illustration.

Figure A.1: Lateral, horizontal, and frontal slices of a 4 x 5 x 3 tensor

e (e (I

Example 1:

Let Y be a 3 x 4 x 2 dimensional tensor of the following two frontal slices:

1 4 7 10 13 16 19 22
Y =125 8 11 Yo= |14 17 20 23
3 6 9 12 15 18 21 24

Then the mode-1, 2 and 3 matricizations of Y are respectively:

W

7 10 13 16 19 22
8§ 11 14 17 20 23
6 9 12 15 18 21 24

~
=
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W N
oy

1 2 3 13 14 15
4 5 6 16 17 18

Y P
@~ 17 8 9 19 20 21
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Example 2:

Let Y be a 3 x 3 x 3 dimensional tensor of the following three frontal slices:

1 47 10 13 16 19 22 25
Y, =([2 5 8 Yo=|[11 14 17].Y3=[20 23 26
3 6 9 12 15 18 21 24 27

Then the mode-1, 2 and 3 matricization of Y are respectively:

10 13 16 19 22 25
Yoy=12 5 8 11 14 17 20 23 26
12 15 18 21 24 27

2 3 10 11 12 19 20 21
Yo =456 13 14 15 22 23 24
789 16 17 18 25 26 27

1 2 3 4 5 6 7 8 9
Yg =10 11 12 13 14 15 16 17 18
19 20 21 22 23 24 25 26 27
A.2 Imputation Methods for Missing Firm Character-
istics
Bryzgalova et al. (2024) model the panel of firm characteristics for each month ¢ as follows:

Ci,=FA) +U!, withi=1,...,Nyandl{=1,... L. (A1)

The above equation makes clear that we de facto have a tensor data set, along three dimen-
sions 7, ¢ and t. Hence, firm characteristics are a 3-way or third-order tensor with its three

dimensions: (a) firms, (b) characteristics, and (c) time.

A.2.1 Tensor models for characteristics

For firm characteristics C € RY*T*L with possibly missing entries, we instead consider the

tensor factor model
C:leMXQFX3A+U, (A2)
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where p, € RY are the loadings corresponding to the firms dimension, )\, € R’ are the
loadings corresponding to the characteristics dimension, and f, € RT are the factors. We
collect the A, p,, and f. in matrices A € R7*E M e RF*E and F € RT*%. The loadings
and factors are of unit norm, and G is the core tensor.

Before discussing our estimator, let us first review the approach of Bryzgalova et al.
(2024) to estimate equation (A.1). They follow Xiong and Pelger (2023), and compute the

loadings A! as eigenvectors of the estimated characteristic covariance matrix

XSt
K,p Q Z CZ'L D)
Lp ZEQt

where sz is the set of all stocks that are observed for the two characteristics ¢ and p at
time t. The superscript X S, t refers to the time series of cross-sections approach. For each

t, the cross-sectional factors are estimated by a regression on the estimated loadings At

<Z LAY A£)> (2 LAL(CY,) ) (A.3)

where W/, = 1 if characteristic £ is observed for stock i at time ¢ and W}, = 0 otherwise.
We now turn our attention to the estimation of the tensor factor model (A.2). Let CV)
be the matricization of firm characteristics along the dimension j € {1,2,3}, and CUY) is
of size N; x N_;. The factor matrices M, F, A can be estimated by applying PCA to the
covariance matrix of the matricized tensor. Due to missingness in the firm characteristics
data, we use the approach of Xiong and Pelger (2023) and calculate the covariance matrix

based on partially observed data, denoted by 30 ), as

(4)
p_QEp Z C

ZEQ(

where (g, is the set of all columns that are observed for the /" and the p* rows of C().*
Then the core tensor G can be estimated by step 5 of the Agorithm 1 where the missing
values in Y are filled with Os (cross-sectional median). The ALS Algorithm 2 can also be

used to estimate the model in equation (A.2) in the same fashion.

To highlight the difference between the time series of cross-sections and our tensor ap-

9Xiong and Pelger (2023) provides inferential theory for estimating latent factor models from panel data
with missing observations based on PCA. Matricized tensors are essentially panel data.
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proach, we can write the former estimator as follows:
XS
! Z Oy tﬂr,z,t)\rﬁ ts (A4)

where all parameters 0,4, fi,;+, and A, ; have subscript ¢ because the estimation is done in

each period in time. In contrast, the missing characteristics are predicted by TPCA as
CTPCA:GX1MX2FX3A. (A5)

Comparing equation (A.4) with (A.5) we clearly see that there is a considerable amount of
parameter proliferation when estimating time series of cross-sections. Therefore, we would

expect a better performance from the parsimonious tensor-based approach.

A.2.2 Backward and Forward Information

Firm characteristics have strong dependency with their previous values, and filling the miss-
ing values with its previous value is one of the most widely used methods for missing im-
putations. Inspired by Bryzgalova et al. (2024), we combine the tensor factor model with
backward information by a cross-sectional regression. We define the covariates in the regres-

sion by
B-TPCA __ ~t—1
thf (Z Urﬂrzfrt)‘rf C e@@ ) 5
r=1

where &} , = C; ;¢ — Csz A is the residual from TPCA and with some abuse of notation Ci; !

denotes the last value available. We estimate the model

r=1

¢,t,B- TPCA t—1  At—1
Cz,t,f = (6 <Z ar,“rzfrt)\rﬁ ng e@g )

with a cross-sectional regression on the partially observed data at time ¢ for characteristic £

as follows:

=1 i=1

Nt Nt
A0, t,B-TPCA __ t,{~B-TPCA B-TPCANT t,{~B-TPCA
5 - (ZW thﬁ (thf ) ) (sz thﬁ CZ 5)7
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Table A.1: Different Imputation Methods

Method ‘ Estimation

Tucker (TPCA/ALS) CTPCA — G x; M x5 F x5 A

Backward-Forward-TPCA (BF-TPCA) | CBETPOA — (BLuBETPCA)T (EIPCA iyt ol Clft elf!)
Backward-TPCA (B-TPCA) CBIFCA — (JLBTPCA)T (EIPCA Clyt et

Cross-sectional (XS) Clxtsg = Zf’il 6r,tﬂr,i,t5\r 0t

Backward-Forward-XS (BF-XS) CBEXS — (BeBrxs)T (X5, ci! eyt cift el
Backward-XS (B-XS) CBXS — (BroBXs)T (&35, ciyt elyt)

Autoregression (AR) CAR = (Bt ARTCH!

Previous Value (PV) Cf;’e = Ciél

Cross-sectional median (median) Cffd‘an =0

where W B 1 if X?JPCA and C;;, are both observed and 0 otherwise. The missing

characteristics are predicted as

AB-TPCA A0,t,B-TPCA\ T+ B-TPCA
i,t,0 (6 ) Xi,t,@ :

The B-TPCA model can be extended to include forward information at time ¢ + 1, where

we define the covariates
BF-TPCA _ P t—1  at—1 t+1 At+1
Xt Zgrﬂnz’fnt/\né C. e, C € |
r=1
and estimate the model
R
/,t,BF- TPCA P t—1  at—1 t+1 At+1
Ci,t,é = (6 Z Urﬂr,ifr,t)\r,é Ci,f Cir C Cir

The model can also be estimated with a cross-sectional regression on the partially observed

data at time ¢ for characteristic ¢ as follows:

A0t BE-TPCA t,{~BF-TPCA BF-TPCA\T t,{~BF-TPCA
5 = ZW thf (thf ) ZW thﬁ Ci:t,g

i=1 =1

?

where Wf =1if X?tF [TPCA and C;;,; are both observed and 0 otherwise. The missing

characteristics are predicted as

~BF-TPCA Al,t, BF-TPCA\ T v BF- TPCA
it (ﬁ ) Xz .0
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A.2.3 Alternative Imputation Methods

Bryzgalova et al. (2024) consider various imputation methods for firm characteristics in-
cluding pure cross-sectional factor model (XS), cross-sectional with backward information
(B-XS), cross-sectional with backward and forward information (BF-XS). Essentially, these
methods replace the TPCA estimation with XS estimation in the models discussed previ-
ously. Due to the fact that cross-sectional models fit each time period separately, these
methods can easily result in overfitting. For this reason Bryzgalova et al. (2024) consider a
regularized version of the cross-sectional factor model, where they replace the regression in

(A.3) with ridge regression:

1

) 1< L 1< "

Bl = <Z ST WL ALAYT + ’Y]K> (E > VVZZAZ(CZ,i)T> :
=1 =1

In the empirical study, we use the recommended penalty parameter value of 0.01/L where L
is the number of characteristics®’.

In practice, the most commonly used methods for missing value imputation also include
cross-sectional median, previous value, autoregression (AR) of order 1. All the methods are

summarized in Table A.1.

208ee Section 4.1 of May 2022 revision of Bryzgalova et al. (2024)
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A.3 Supplementary Tables

This section details the firm characteristics included in the data set. The data cover 35 firm
characteristics, which are described in Table A.2. See Freyberger et al. (2020) for detailed
construction of each characteristic. The dataset is monthly and ranges from January 1966

to December 2020, and there are a total of 13,588 firms in the entire sample.

Table A.2: Firm Characteristics

(1) A2ME Assets to market cap

(2) AT Total assets

(3) ATO Net sales over lagged net operating assets
(4) BEME Book to market ratio

(5) Beta CAPM beta

(6) C Ratio of cash and short-term investments to total assets
(7) CTO Capital turnover

(8) D2A Capital intensity

(9) DPI2A Change in property, plants, and equipment
(10) E2P Earnings to price

(11) FC2Y Fixed costs to sales

(12)  Free CF Cash flow to book value of equity

(13) Idio vol Idiosyncratic volatility

(14) Investment Percentage year-on-year growth rate in total assets
(15) Lev Leverage

(16) LME Total market capitalization

(17)  LTurnover  Last month’s volume over shares outstanding
(18) NOA Net operating assets

(19) OA Operating accruals

(20) OL Operating leverage

(21) PCM Price-to-cost margin

(22) PM Profit margin

(23) Prof profitability

(24) Q Tobin’s Q

(25) Rel to High Closeness to 52-week high

(26) RNA Return on net operating assets

(27) ROA Return-on-assets

(28) ROE Return-on-equity

(29) r112-9 Momentum

(30) r12-7 Intermediate momentum

(31) 1o Short-term reversal

(32) r3s_13 Long-term reversal

(33) S2p Sales-to-price ratio

(34) SGA2S SG&A to sales

(35) Spread Bid-ask spread
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A.4 Proofs

This appendix contains proofs of all results with several supplementary lemmas. The first
lemma provides some useful properties of Kronecker products that will be used repeatedly

in proofs.
Lemma A.4.1. If A;, M; e RNi*%i for j < d, then

(@) |®j1 A =TT Il

1) (®L,4) (&L M) = @2, (AT M),
Proof. The proof is based on the following three properties of Kronecker product:
1. (A®B)"=AT®BT.
2. (A1 ® A9)(B1® By) = (A1B1) ® (A3By).
3. (aA; + fA) ® B = aA; ® B+ fAy ® B, where «, 5 € R.

These properties can be found in Abadir and Magnus (2005), Exercises 10.3 and 10.7. Then

(b) follows from
d T/ d d d

For (a), using the SVD decomposition of A; = Zijzl Uj,rjuj,,,jva’rj

<

d d
_ T
@ A = Z Olyy - Odry ® Ujr; V5
. i
d d T
= Z Otry - -+ Odyry ® Uj,ry ® Ujyr; )
=1 =1

<
Il
—
<
i,
3
IS

where we use properties 1-3. This shows that @?21 A; has singular values {H?zl Tjry 0 Tj <
R;,j < d}, which implies (a):
d

XA,

j=1

= max Ojp. = max 0;,. = Al
Lo [Tow =TT ma oi, = [T1A o

op
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Proof of Proposition 3.1. By Lemma A.4.1,
T
(@ Ak) (@ Ak) = QN A) = R Ir, = Ir_,,
ke ke j k] ke
where the second equality follows under Assumption 3.1, (i). O]

Proof of Proposition 3.2. Consider the least-squares objective function:

2

d
Q(G) := HY -G X A
=1 g
d d 2
-1¥i-2(¥.6 X ) 6 X h
Jj=1 F Jj=1 F

d
= | Y[ - 2<Y X AJT,G> +(G,G)t,
F

J=1

where the second line follows from the bilinearity of the inner product, and the last from a
repeated application of Kolda (2006), Propositions 3.11 and 3.12. The first-order condition
to this problem are
d X ) d
—2Y X A +2G =0 < G=Y X A]
j=1 J=1

]

Proof of Theorem 5.1. Recall that Aj is N; x R; matrix of R; leading left singular vectors
of
-
Y = MG <® Ak) + U
k#j
In what follows, let ¢, C' > 0 be some numerical constant with values that can be different
in different places. By Cai and Zhang (2018), Supplemental Content, equation (1.17) and

the equation below it, we have

> (C

I, =

52 .
<C€ 5+N_],

N (52 + N_) HATY()PYT AH% 064
Pr (]sin@(Aj,Aj) T en P

where
| sin ©(A, Aj)lop = e cos™ ()

and G1; > --- = G, g, = 0 are the singular values of AJA;.
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By Cai and Zhang (2018), Supplemental Content, equation (1.16), with z = C'y/N;, we
also have
P (JA] ¥ Pap o o > O3/FG) < Ceo-mn@ e TN | e

_ . _ 2 ] _ .
<e cN; +e c(6%+N_j) < Ce cNJ7

where we use 62 = N¥2 + max;<j<q N;, cf. Assumption 3.3.
Therefore, by Cai and Zhang (2018), Lemma 1

_ R+ NN

-

|A;0; — Ajlf < 2R;|sin©(A, A))

with probability at least 1 — C'e™Ns. n
The following Lemma provides some useful properties of metricized mode-j products.

Lemma A.4.2. For tensors Y € RV>>Na gnd G € R *Ba  gnd matrices \; € RN
with 1 <1 < d, we have

L (Y Xz AlT>(j) =Y <®l¢j Al) foralll <j<d.

2 (@ x;l:lAl)(j) - MG (@1 Al>T forall1<j<d.

Proof. These properties can be verified by looking at the entries of corresponding tensors;
see also Proposition 3.7 in Kolda (2006). O

Lemma A.4.3. Suppose that U € RN >*Na 45 g tensor with i.i.d. mean-zero subgaussian

entries. Then

HU(j) QM| < /Nj++/R

l#j5 op
and
sup 4 U(j)@/\l < \/ﬁj—F\/Ri_j—i-Z\/ N R,
[Asop<1,¥is) 1#j op 1#j

with probability at least 1 — e~¢™M<i<aNi for some ¢ > 0.
Proof. See Han, Luo, Wang, and Zhang (2022a), Lemma 9. ]

Proof of Theorem 3.2. By Lemma A.4.2, the mode-j matricization of Y® at step k com-
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puted in Algorithm 2 is

i - (v xa)
()

1#]
A (k1)
=Y QN
14]
.
~ (k=1 ~ (k-1
= NGy <® A,) QA + UG QA
1% 1% 1#]

T T
= A;iGg) <® Ol) + 4G <® Ol) l<>§ {OZAlTAl(k_l) - [Rl} + U, @AY,
#J

1#] 1] 1#j
(A.6)
where the last line follows by Lemma A.4.1. Consider the sin © distance between the singular

subspaces

|sin©(A;, Aj)op = max cos™(dr),
STSAy

where 1 > -+ > 0 g, = 0 are the singular values of A]TAj.
Since A% and A; are the R; leading left-singular vectors of Y™ and the first term in the
j J J (4)
last line of equation (A.6) respectively, by Wedin’s perturbation theorem, see Wedin (1972),

) . 1 A (k= A (k-
Isin©(As, A7) lop < 5 |43G0) @ {ATA Y =07 | + UG @A
1#j 1#j op
1 A (k—1 1 A (k—1
<5%Go & {AzTAz( - OZT} +5 Y0 @AY
1#j op 1#] op
Under Assumption 3.2, by Lemma A.4.3
Uyp QAT < s UGN
15 IA¢llop<1,Vi#j 1#] op
d
< Z\/Nj + \/R,j +Z\/N1Rl
j=1 1#j

< dVN + RYY2 4 (d—1)VNR,

where we use N; ~ N and define R = max;<;<q RR;.
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Under Assumptions 3.1 and 3.3, by Lemma A.4.1, we also have

1 A (k1) T1,j A(k=1)
gAjG(j)g?{AlTAl l_OlT}Op\TJ g?{AlTAl I_OIT}OP
< H HAT k b Ol Al)
1#] op

[T
I#j :

This shows that

dvVN + R4Y2 4 (d - 1)vVRN

- (A7)

Jsin @ (A, Aoy = [ ][00 - 1]+
l#7

From the proof of Theorem 3.1, we know that the naive TPCA computed with Algorithm 1

satisfies
\ﬁ N2
0 2
with probability at least 1 — Ce™N | provided that N; ~ N for all 1 < j < d. Since 6 *N¢ =
o(1), we have Ey = o(1) for a sufficiently large N. Let Ej, := max;<;<q | sin ©(A;, A;)|op be

By < —

the largest error across all matricizations at iterations k = 0,1, ..., k. Then
dvVN + v Ri-1 4 (d — 1)v/RN

Ey S EX +

J

with probability at least 1 — Ce™N. If E;_; = o(1), then Ej, = o(1) since N¥*/§ = 0(1) and
R = O(1). This shows that Ej, = o(1),Yk = 0,1,...,k because Ey = o(1). Therefore, we
can bound the ALS error for a sufficiently large N as

N
E, <0b5E,_ 1+ C%.

Iterating this inequality, we obtain

N N2 N
Ey, 2c§+05 E0~§+05’“(\5r = )g%

where the last inequality follows provided that k > log(N(@=1/2/§)/log 2. This shows that

N

AP O; - A2 < 2R, sinO(A, 5%

A)ley <
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]

Next, we prove a central limit theorem for quadratic forms which is an important ingre-

dient in the proof of Theorem 3.3.

Lemma A.4.4. Suppose that U = {u;; : 1 < i < Ny,1 < j < No} is a matriz of i.i.d.

2

random variables such that B(u; ;) = 0, Var(u; ;) = 02, and E|u; j|**° < « for some 6 > 0.

Let (x,)E | and (y.)E_, be two orthonormal sets in RM and R™2 such that max, |z, = o(1)
or max, ||[y.|lo = 0(1). Then

d
(2, Uyr)1<ris<r — Z,

where Z is an R x R matriz with i.i.d. N(0,0?) entries.

Proof. According to the Cramér-Wold argument, it is enough to show that

Z tr,kl’:Uyk i’ Z tr,er,k

r.k rk

for every (tx)i<rk<r € RE*E_ Note that since U is a matrix of i.i.d. mean zero random

variables,
N1 N2 Ny Ny
Ztnk:ﬂ:Uyk Z Z Uy, 5 Ztr ELrilYk,; = Z 2“273 Ztr ELriYk,j
r.k i=1j=1 r.k j=1 z 1 r.k
-
" ~~
_'§N2,’L _'§N17j

is a partial sum of triangular arrays of independent centered random variables. Moreover,

ar (Z tr,kJC:Uyk> =0’ Z bkl (s T ) Yky Yrr)

/ /
rk .k, k

= o? Z tf’ k
r.k
= Var (Z tr,k’fr,k) )

r.k

where the second line follows under orthonormality. The result follows provided that one of

the following Lyapunov’s conditions
Ny N2
DEEn T =0(1)  or Y BElén 7 = 0(1)
i=1 j=1

holds for some € > 0; see Billingsley (1995), Theorem 27.3. By Rosenthal’s inequality, see
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Petrov (1995), Theorem 2.9, there exists ¢, < oo such that

24€
2+e
E |5N2 7 = uz 7 rklrilk,j
1+¢/2
Ny 2te Ny 2 /
Z IE |, Z Lr kTr iUk, j Z I w4 Z br kTriYk,j
Jj=1 Jj=1

No 14¢/2
€ €, 2+e€ 2+€ 2,2
st atroty + Tir (Nato)
r.k J=1
where the last line follows by Jensen’s inequality and maintained assumptions. Therefore,

2B 6wl < max |51 max [yl 512 + Jynl3]
i=1

< 2max||z, 5, = o(1),

T
where we use the fact that ||yx|2+e < |yk|2 and orthonormality. Similarly, we could verify
the second Lyapunov’s condition when max, |y,| = o(1). O
Proof of Theorem 5.3. Note that

T
Y(j)YE;) — A]D]A;r = AjG(j) (@ Al> U( ) + U <® Al) GT A + U(])U( )

1] 1#]

By the triangle inequality

+ UG U llop

Uy (@ Al) G(HA;
1#]

+ U

op

I#j op

.
1E;op < [A;G() <®Al> Uil +
op

=2

oo

Ug) (@ Al) GHA;

I#3

Under Assumption 3.2 by Latata (2005)

E[Ug)lop = O (VN + VS)
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Consider the SVD decomposition

R,
(@ Al> GA] = ViDI?AT = 0,00, (A.8)
r=1

1#j

which holds under Assumption 3.1 (ii). Then

R,
< 205U 050 A lop

r=1

1#]

op
R;

I L
r=1

< N9 o
SN 1??}%— U Gvjel,

where we use AJ.\;, = 1 under Assumption 3.1 and o7~ N¢ under Assumption 3.4 (i).

Under Assumption 3.2, we also have
E|Uvs,|* = v, B[U{Uglvg,r = >Ny,
since v],v;, = 1. This shows that

1 1

||EjH0P/o-j2',Rj = OP (T—Fﬁ) :0P<1)a as (va"'aNd) — 0.

Therefore, | Ejop/07 r, < 1/4 with probability approaching one. Let A;; be the orthonormal

basis of the orthogonal complement to the column space of A;. By Theorem A.5.1
AjO; = Aj = Py, EjA Dy + 7,
where under Assumption 3.4 (i) and previous computations, the remainder term is
[7ilop < 80711 Bjlp/05 g,

1 1 (A.9)
J
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Therefore,

/A\jOj — Aj = PAjJ_EjAij_l + Tj

.
= Pru [ MG (@ Al) UG + Uy (@ Az) Gy +UnUg) [ 4D + 15

1] 1]

— PAJ‘LU(J') (@ Al) G(Tj)Dj_l + PAle(j)U(Tj)Aij—l +r;
1%

—1/2 —1/2 _
= U,)V;D; " = P, U V;D; "2 + Py, Uy UL A DT + 1y,

where we use Py, + Py;, = Iy, and <®l;ﬁj Al) G(Tj)Dj*1 - Vij—l/2; see equation (A.8).

Therefore,

1/2 —1/2 1/2
(A0; = A)D}* = UV, = P UGV, + P UG UGN DT 4 D)2,
Let e; be a vector with all entries equal to zero, except for i'" entry equal to one, and let
u(Tj),i denote the i row of Uj). Then since |V}|2.0 = o(1) under Assumption 3.4 (ii), by
Theorem A.4.4, we obtain

d
ViIU e = ViTug): = N(0,0%I5,).

It remains to show that the other three terms are op(1).

First, under Assumption 3.4 (i) and computations in equation (A.9)

12 T T 1 N4/?2
HDJ’ Ty € I < ojalrjllop = Op Na2 + N )~ op(1)
j
given that N_j/st = o(1).
Second, write V; = [vj1,...,v;R,| and note that under Assumption 3.2, the variance of

r* row of VjTU(Tj)PAj is

R,
Var (UJT’TU(Tj)PAjeZ-) = 0”|vj,.|?| Pa,es]* = O (Fj) = o(1),

J

where we use Assumption 3.4 (ii). This shows that HVjTU(Tj)PAj ei| = op(1).
Lastly,

N—j

T T
Z Ar UG kY (G) kP
k=1

_ R.
ID; 1/2AJTU(j)U(Tj)PA],Le¢H < VE; max ’ (A.10)

OR, 1<r<R,
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where p;; = Py, e;. Under Assumption 3.2

N—]
[Z )\ U ku(]) kp”] = UZN,])\,,]p” =0,

which follows since A ;p;; = A\[;Pa,, &; = 0. Under Assumption 3.2, we also have

N_; N_;
(Z )\ kpjl> = Z Var (AZju(j),kuz;),kpjvi) )

k=1

where by Isserlis’s theorem

T T 4 2 2
Var ()\T’jU(j),kU(j),kpj’i) =0 <2 Akt Z )\r,j,kpi,j,k/\r,j,lpi,j,l) (Elui,,...ig* = o* Z )\” kPZJ k
kAl k2l -
N;

= oA P Ipsil* + o (N jpsi)* + (Blui, .| — 30) Z " IkDE k-

This shows that

N—j
N
25 A6 RuG) kP = Op < /2>
k=1
since N
J
DAl < sl g [P < AP Pay, 1P es]® < 1
k=1

Combining it with equation (A.10), under Assumption 3.4 (i), we obtain

—1/2 i
|1D; / A]TU(j)UEZ')PAj,iei‘| = Op(N; / ) = op(1).

Next, we provide a proof of the central limit theorem for scale components.

Proof of Theorem 3.4. Consider the SVD decomposition

T Rj
G (@ Al> - Aijﬂva — Z i NV -
r=1

I#]j
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By Kneip and Utikal (2001), Lemma A.1 (a),

R 1/2 1/2
52, — o2, = trace {Aj,rAjTT(AjD/ VUl + U(j)vjpj/ A + U(j>U<Tj)>} + &
= 2U]r)\ U ’U]T + )\ U(] U(] )\jT‘ + 6]7“7

where
6

- 2
Mingy, 07, —

2
1/2
G| < ‘Y )Yy — A;D;%A]

op

N; N ;
=0p(Nj+ 2L+ = o
P( NN, ) ris)
which follows from o7, ~ N* and the proof of Theorem 3.3, provided that N;/N_; = o(1)
and N_;/N? = o(1). ThlS shows that

52 — g2

LI — oA UGy + 05, 0, U Ul A + op(1).

Jir 7N
O’]’T

Next, under Assumptions 3.2 and 3.4
Var(A], U UjA) = NojVar(Oy e, ug)0®) = Noj (B, ugyot — o) = O(N_) .

This shows that o ' AT U(j)U(Tj)/\j,T = op(0j,), hence,

Jir g

62 — o2

LU ZAITU(j)UjJ + Op(l).

Ojr

Finally, under Assumptions 3.1, 3.2, and 3.4, by Lemma A.4.4
(AL UG v )1<r<r, % N(0,0%I,).

]

Proof of Theorem 4.1. Under Assumption 3.2, if u;, _;, ~ N(0,0?), then A]lu e RNi—fi ig
a vector of i.i.d. N(0,0?) for every A;, such that ALAjl = [. Then under Assumptions 3.1,
3.2 (i), and 3.3, by Lemma A.5.1,

.....

N_
0'12%+” =\ (U(j)UE;)) + Op <N + NJ) :
J

where with some abuse of notation Uy, is (N; — R) x N_; matrix of i.i.d. N(0,0?).
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By El Karoui (2003),

Ay (U(j)UE;')> — Art1 (U(j)UE;')> o d

- (gr - §T+1)7I-<=_1k+1'

T
r=k+1

Therefore,

62. 52 K+1
( = T+1’]) i (Sr - £r+1)7{<:_1k+17
T r=k+1

since N;/T + N_;/(N;7) = o(1). The result under H, follows by the continuous mapping
theorem.
For Hy, recall that

.
Y = NG (@ Ak) +Ug).

kg

By Weyl’s inequality for singular values, see Horn and Johnson (2013), Eq. (7.3.15),

0j.R; ik | _ UG lop

VNS NS SN

The right-hand side of this equation is Op(1) by Latata (2005), while ojr,/\/N_; T ©
under under the strong factor hypothesis. Therefore, 6?-’ R, /N_; 1 oo. This implies that

52 ~2
(05 r, — 07 r;+1)/T — %, and whence S; 1 o0 under H;. O

A.5 Perturbation Theory

In this section we formulate the required perturbation expansions for eigenvectors and eigen-
values following Kato (1996). The perturbation theory has been successfully applied in
statistics, see Watson (1983), Kneip and Utikal (2001), or Koltchinskii and Lounici (2017),
but is not widely adopted in the factor literature in econometrics; see Onatski (2006) or Lei

and Ross (2023) for notable exceptions.

Theorem A.5.1. Let A = [A1,...,Ag] € RY*E be the eigenvectors of a symmetric matriz
¥ e RV*N with rank(X) = R < N corresponding to non-zero eigenvalues oy = -+ = o > 0.
Let A = [;\1, e S\R] e RV*E be the leading eigenvectors of its noisy measure S =%+ E,
where the noise satisfies |Elop < or/4. Then

AO = A=A AJEAD™ + 1y,
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where O = ATA, AL = [Api1, .. n] € RVXV=R) and ry < 8o1|E|Z, /0%

Proof. Let ¥ = Z] 1 aj)\j)\]T be the eigendecomposition of ». If v is a contour in C that

does not go through any eigenvalue of 3, then

1
i (=) 1dg: QWZjQZC

Y

_ Aj 32 — g—ojd“ > N 5 ff _UJ

o e j:0
JiojEY Jiojdy ¢

:Z)‘Jw

jiojey

where by Cauchy-Goursat theorem the integral is zero if an eigenvalue is outside of v. The
above identity is known as the Riesz formula for spectral projections; see also Kato (1996),

Problem 1.5.9. If 7 is a circle passing through or/2 and oy + og/2, then

R
1 B
;1 AN = o jg(gl — %) td¢.

By Weyl’s inequality, see Vershynin (2018), Theorem 4.5.3

OR
max |0 — 0 < [Elop < -
1<j<N 2
This shows that the eigenvalues 6; > --- > 6y are inside v while the eigenvalues 6z =

- = oy are outside. Therefore, the Riesz formula also gives us

R 1
DA = (¢I - %),

T o

and whence

r=1 r=1
1 Ay
St (R RE R R
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Since £ = X + E, it is easy to see that

(-7 ={I - BE - )™l -%))
= (I =)'[I - BT - B~

= (I -%)" 2 EI(CT — %)
7=0
e}
= (I -%)" Zgl ) UEI(CT — X))
where we use the Neumann series which converges since
IEE =D op < [Elopl(Z = ¢ op < 2| Ellop/or <1, V(e
Therefore,
- 1 =
AAT — AAT = 2-%2 CI—%)'EI(CT—%)7d¢

:Lﬂga )BT - %) 1dg+—2§§a ) RIS — ¢I) ¢
ol

[\D

ZIL+7’N.

Using the eigendecomposition ¥ = Z e )\JAJT, we obtain

N N 1
= — AN EAN,
;11;2 f ¢ =) —Uk)J] Eow

Since the first R eigenvalues of Y are inside v and the remaining eigenvalues are zero, by

Cauchy’s integral formula

01 Jj < Rand k> R,

L§ do = 1] > Rand k < R

omi J ((—o)(C—ay) |ow 7 HAREES
K 0 otherwise.
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This shows that

R 1 N N R 1
T T T T
Zo_ jEkZ A,CAku )\jAjEZU—k)\k)\k
— =R+1 j=R+1 k=1

=AD'ATEA A} + AJAJEADT'AT.

The result follows since the eigenvectors are orthonormal and
1 & , ,
vl < o Y morsup (¢ = ) [o9V El3,
T ]:2 Ce

ee}
01
<3IIEH (2/or) Z (2] Ellop/or)’

201 H ” 2HEHOP/UR
1= 2| Elop/or
80-1 HEHop
OR O'R
provided that |E|op, < ogr/4. O

We also need an asymptotic expansion for the smallest singular values. Let A;; =
[NjRj4+1s -5 AjN, ] € RN *(N;=R)) he eigenvectors corresponding to zero eigenvalues of AijAjT.

The columns of A;; constitute an orthonormal basis of the null space of AijAJT‘

Lemma A.5.1. Suppose that Assumptions 3.1 and 3.2 are satisfied, and a?’Rj ~ N?. Then

. N_.
U?,Rfrr = )\T(AjTLU(]')U(Tj)AjJ_) + Op (Nj + —j) ; 1<Vr<N; - Rj,

N.:

J

where \,.(B) is the r'™ largest eigenvalue of a matriz B.

Proof. Note that )\T(Y(j)Y(Tj)) = )\T(MY(]-)Y(TJ.)MT),T > 1 for every orthogonal matrix M.
Put

Mj=[A; Ay and zjleOj 8]
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Then M]-E]»MjT is the spectral decomposition of AijAjT and we have

T T T
A\ <Y(j)Y(j)> _ (M Y(j)Y(j)M)
Rj+r Nd = \Rj+r Nd

1 [ A7 . .
“Aner (27 ATL (A DV + UG (A DV + U )T [A AJL]
J

= AR 4r (A + %A(l),)

D;
Nd O] and
0

with s = 1/N;, A =

AW 1 [A;—U(j)Vij + DjV}TUEI;)Aj + A;—U(j)UE;-)Aj Dj‘/jTUZ;)A]’J_ + A;!—U(j)UEZ.)AjJ_] '
J

N_j A UGV;D; + A[ UG UAS AL UGULA; L

By Onatski (2009), Lemma 6,

My or (A + 2AD)

o, (AU0UGALY | 2ATpE
" N_; T 0502, /N — 3| A

J

provided that ||AM)| /N < 0.502 /N 4. To see that this condition holds, note that since

03, ~ N% we have 07, /N% — d;, > 0,¥r < R;. Moreover,

4
IAVI/N; < 553 [0V Dilly, + [06 UG, )

It follows from the proof of Theorem 3.3 under Assumption 3.2,

R;
U ViDjllop = Op <v N; ) Uj,r> and U Uf lop = Op (N; + N_j) .
r=1

Since 0 ~ N7 this shows that

1 1
HA(I)H/N] = OP (W + FJ) = Op(l).

—J

Therefore,

Y(])YT) AJ‘TLU(J U(])A 1 1

J
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